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f(x) = 1

x

/q� 9?7 3rj0M(7:J2+.-0/21)9C9=/��=+?U568'
�2'
f(x) =

√
x
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f(x) = n

√
x
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f(x) = tan(x)

/q� 9?7 3rj0MY7:JK+.-0/0149Cj�6(@2U
x = k π

2 , ∀k ∈ Z
'

m2'
f(x) = cot(x)
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x = kπ, ∀k ∈ Z
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f(x) = log(x)
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f(x) = arcsin(x)
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�0'
f(x) = arccos(x)
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/29,j89?@K3:7=� Mkj2j0U56K;IH29?U�JK9r£I&rj0M(UsM(@0;.@0/29rl(6Y149Y�(6Y/ /29<j�9=@23�JK6Y/2/29?U
Mk@8;.@2/¡759=/07D¢xNVMxN)14i�14359«J29 √

x
j�6(@2U

x
3w9=/0J2M(/A3,l(9?Uw7:£w&Y'0°TMkUD;.6(/A3wU59Y�06(/�j�9=@23D;IH29?Uw;IH29?UrNVMxN41)i�1{3w9«JK9 cos x−1

sin x
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f(x)

j86Y@2U
x

359?/0J2M(/Y3LlY9=UI7
a
��/26k3w+=9

limx→a f(x)
��7 9 J2+.-0/2143zJK9�NVM���M4B.6Y/

75@214laM(/Y3w9C5
lim
x→a

f(x) = b⇔ (∀ε ∈ R
+
0 , ∃δ > 0) : (∀x ∈ R : |x− a| < δ), |f(x) − b| < ε.
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>A@0Mk/8J
x

9?7 3,j0U56K;IH29zJ29
a
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f

JK+.-8/2149«j0MkU
f(x) = x−1√

x−1
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x
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x = 1
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x = 1
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ex 9?7 3<;.6Y/Y3w14/�@29C75@2U
R
>�'0° M(U�9.SK9=i�j2N)9(�

lim
t→0

(1 − 3t)
−2
t = e

limt→0 ln

„

(1−3t)
−2
t

«

= elimt→0
−2
t

ln(1−3t)

= e−2 limt→0
ln(1−3t)

t

= e−2 limt→0

−3
1−3t

1

= e6 limt→0
1

1−3t

= e6

� [2� ���Ad .(c8`a�	1J1J1
�r6(356Y/07,>A@29«N49$7DN41)i�1{3w9?7D6(/A3<3w6(@K3w9?7,N49$7Dj2U56Yj2Uw14+=35+?7,>A@29«N � 6(/¡j�9=@K3C9$7 j�+=Uw9=UDJ�� @0/29«6Yj8+?UwMk351)6(/ J29z��6(/OM(N46Y1'5

NVM N)14i�14359«Jq� @2/09«756(i�i�9«JK9z359=Uwi�9?7<9?7 3,NVMy756(i�i�9zJK9?7,N)14i�14359?7DJK9�;IH0M(;=@2/¡JK9?7<359?U5i�9$7(<#N)6(UI7w>Y@�� 9?N4N)9?7<9.SK1)7 359?/A3�>��
NVM�N41)i�1{3w9yJ�� @2/!j2Uw6KJK@2143z9?7 3zN)9 j2Uw6KJK@2143�JK9$7CN41)i�1{3w9?7
<#N)6(UI75>A@q� 9=N)N)9?7C9=S�1V7 359=/A3[>���N � +=N)+=laMa3w146Y/!¢ @2/29yj0@21)7w7wMk/0;=9x9?7 3
Mk@875751Tj86A75751)�2N49x7wMk/07Bj0U51V7 9xJK9�3 &.359Y'�*DMk/07CNVM�j2N)@2j0MkU53LJK9?7z;=M(7?��6(/ /29�j�9=@K3zj8M(7B1)/AlY9=UI7 9?UDJ29=@KS]6(j�+=UIMa351)6(/87DJ29
j0MY757wMk|Y9?7<¢�NVM N)14i�14359('�Q�/O|Y+=/2+?UwM(N �814NT9$7 3Bj2Uw@0JK9=/A3CJK9�7 9�i�+.-09?UDJK@ ;=M(N);=@2N JK9?7DN)14i�14359?7Bj�6(@0U,N)9?7,�#6(/8;�351)6(/87DJ29
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lim
x→0

ln(1 + sinx)

x
= 1

lim
x→0

√
1 − x−

√
1 + x

x
= −1

lim
x→0

xx = 1

lim
x→1

√
x−

√
x− 1 − 1√

x2 − 1
=

1√
2

lim
x→1

√
1 + x− 1

3
√

1 + x− 1
=

3

2

lim
x→1

x2 −√
x√

x− 1
= 3

lim
x→0

e−
1
x sinx

x2
= 0

lim
x→−∞

4
√
x4 + 1

x
= −1

lim
x→+∞

(√
1 + x−

√
x
)

= 0
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ª_14|Y@2Uw9 �2'4&DUw9=j2Uw+?759=/A359DN � +?l(6(N)@K3w146Y/y3w9=i�j86YU59?N4N)9CJ�� @2/�359=N�i�6Y�214N)9('���1�6(/ ;IH29=UI;IH29C¢�;=M(UwMY;�35+?U51V759=U�N)9Ci�6(@2lY9=i�9=/A3$�

	�

��� �K')&��y° 6A7 14351)6(/ J�� @2/ i�6Y�21)N49CMk@ ;.6Y@2UI7:JK@�359=i�j07?'
6(/�j�9=@23,+.3w@0JK1)9=UD;.6(i�i�9=/A3<NVMxj�6Y751{3w146Y/�laMkUw149Y'2°±Uw9=/26Y/07<;=6(i�i�9LU59?j8�?U59CN)9?7<j86Y14/A3I7

t = 1s
9.3
t = 3s

' D /�/26(359
>A@29

x(t = 1s) = −36m
��9.3�>Y@09

x(t = 3s) = −32m
' D / 6(�K3w149?/Y3zJ26(/0;�NVM laMkUw1)Mk351)6(/ JK9 NVM j86A7 14351)6(/ 9=/A3wU59

N)9?7BJK9=@2S 14/87 3IMk/A3w7
x(t = 3) − x(t = 1) = 4m

'�° 6Y@2UD35Uw6(@2lY9=U<N)9�3wM(@KS JK9�lnM(U51VMa3w146Y/OJK9�NVMyj�6Y751{3w146Y/OM(@O;.6Y@2UI7
JK@ 3w9=i�j07?�86Y/�j0U59?/0J�JK6(/8;CN49zUwM(j2j86YU 3r9?/A35Uw9CN)MxlaM(U51VMa3w146Y/ J29LN)M j86A7 14351)6(/

∆x
9=3<N49L359=i�j07,+?;=6(@2N)+

∆t
�8;=6(i�i�9

1)N4N)@07 35Uw+z7 @0U<NVM ª_14|Y@2U59 �K' �K' D /�j�9=@23BM(N46YUw7r;?MkNV;.@2N)9=U<@2/�3wM(@KS�JK9zlaMkUw1VMa351)6(/��0>A@21GUw9=j0U5+$7 9?/Y3w9CN49�;IH0Mk/0|(9=i�9?/Y3<J29

	�

��� �K' � �y° 6A7 14351)6(/ J�� @2/ i�6Y�21)N49CMk@ ;.6Y@2UI7:JK@�359=i�j07?'
j�6Y751{3w146Y/�JK@ i�6(�014N)9LJK1)lA1V75+Dj8MkU:N)9,3w9=i�j07:i�1V7r¢�U5+$MkN)1)759=U:;=9B;IH8Mk/2|Y9=i�9=/A3rJK9Bj86A7 14351)6(/ 5

x(t = 3) − x(t = 1)

3 − 1
= 2m/s.

&?g
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359?i�9=/A3LN49xi�6Y@2l(9?i�9?/A3CJ2@]i�6Y�214N)9�9=/A35Uw9�N49$7LJK9?@KS 1)/07 3IMk/A3w7?' � 9�3wM(@KSOJK9xlaM(U51VMa3w146Y/]JK9�NVM j86A7 14351)6(/ Mk@ ;.6Y@2UI7
JK@ 3w9=i�j07«U59?j2U5+$7 9?/A359��89$Mk@0;=6(@2j i�1)9=@KS ;.9?N4@01­J�� @2/!i�6(�014N)9 1)i�M(|(1)/0Mk1)Uw9�>A@21��#9=UIMk143?�G9=/A35Uw9

t = 1s
9.3
t = 3s

�
N)9«i�6(@0l(9=i�9?/Y3BUw9=j2Uw+?759=/A35+�7 @0U,NVM�ª_1)|(@2Uw9 �K' g2'�°_6Y@2UB7 9�UwM(j2j2Uw6K;IH29=UDJK@Oi�6Y@2l(9?i�9?/A3,Uw+=9=NTJK9�N � 6Y� : 9.3$��6Y/ j�9=@K3

	�

��� �K' g �y° 6A7 14351)6(/ J�� @2/ i�6Y�21)N49CMk@ ;.6Y@2UI7:JK@�359=i�j07?'
Uw9=|YM(UwJ29=U±75@2U±@2/ j0N4@07�j89=35143­1)/A359=UwlaMkN)N49rJ29:359?i�j87='K��106Y/xN49<|YMkUIJK9r;=9=/A35Uw+r7 @0U �K�Y6(/�j�9=@K3�JK14l�1V7 9?U�N)9:359?i�j07±j0M(U �K�
9.3rUw9=|AMkUIJK9=U:;=9B>A@q� 1)NGM(J2lA1)9=/A3rJK@ i�6(�21)N)9C9=/A35Uw9BN49$7�359?i�j87

t = 1.5s
9=3
t = 2.5s

�2;.6Yi�i�9C1)N)N4@07 35Uw+L75@2U:N)Mxª_1)|(@2Uw9
�K' v0' D /]/26(359xMkN)6(UI7B>Y@09(�q75@2UL;.9=3L14/A359?U5laM(N4N)9(��N � 6Y� : 9.3Cj0MY75759xJK9

x = −16
¢
x = 43

' � 9 >A@21TlY9=@K3zJ214Uw9x>Y@09�N)9

	�

��� �K' v��y° 6A7 14351)6(/ J�� @2/ i�6Y�21)N49CMk@ ;.6Y@2UI7:JK@�359=i�j07?'
3wM(@KS�JK9ClaM(U51VMa3w146Y/�JK9CNVM�j86A7 14351)6(/ 9?7 3rJK6(/8;

x(t = 2.5s) − x(t = 1.5s)

2.5 − 1.5
= 59m/s.

D /�/26k3w9r7 @2UTNVM,-0|(@0U59:>A@29�N49:i�6Y@2l(9?i�9?/A3 JK@�i�6(�014N)9:14ixM(|(1)/0Mk1)U59�>A@21Kj0M(Uw;=6(@2U53_NVMDi &=i�9rJK1V7 3IMk/0;=9s9?/�@2/�i�&?i�9
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Uw+?75@2N{3IMa3 9?7 3Ti�6Y/A35Uw+­75@2U N)MBª_14|Y@2Uw9 �2' m2' D /�/26k3w9s>A@29Y�aj2N)@07 6(/�7 9sUwM(j2j2Uw6K;IH29(�$j2N)@07 N49­3wM(@KS«JK9slaMkUw1)Mk351)6(/�>Y@09­N � 6Y/
j�9=@K3C9?7 351)i�9=UBUw9=j2Uw+?759=/A359�9 _�9?;.351)l(9?i�9?/A3DNVMylaM(U51VMa3w146Y/OJK9�N)M�j�6Y751{3w146Y/]M(@ j�6(1)/Y3C;.9?/A35UIMkN '�*,6(/8;k��1VJK+?M(N49?i�9?/A3?��14N
��Mk@8JKUwM(1{3 @2/�14/A3w9=UwlnM(N4N)9:JK9­3wMk1)N)N49�/�@2N)N49Y'��­1)9=/�9=/A3w9=/0JK@��a6(/z/09sj�9=@23�;=MkNV;.@0N49?U ;=9s>A@29:;=9=NVM,JK6Y/2/29?UwM(1{3T7 1KN � 14/A359?U5laM(N4N)9
+.3IMk143T/A@0N �aj2@01)7w>A@29�N � 9?75j0M(;=9­j8MkUI;.6(@0U5@z759=UIMk143TJK9�N46Y/2|(@29?@2U_/A@0N4N)9(' �¡M(1)7 6Y/zj�9=@K3�;?MkNV;.@2N)9=U ;.9:>A@q� 14N2MYJKl�149?/0JKUIMk143 J29
;.9D/26Yiz�2Uw9D751�6(/�j2Uw9=/0M(1{3:JK9?7s1)/A359=UwlaMkN)N49$7�JK9,j0N4@07�9?/�j0N4@07sj�9.3w1{3I7=�)N �"� ���
	��
� 
 K 3QG � �"� � 3!�%�4G�
 G � ��
 ��� �
� � 
 ��� �!�
�"

��
�� ����� � ��
���M�� � �V3a' � 9B3IMk@KS�JK9ClaMkUw1)Mk351)6(/y1)/07 3wM(/Y3IMk/2+CJK9CNVM�j86A7 14351)6(/ JK9CN � 6Y� : 9.3rM(@ ;=6(@2UI7�JK@�359?i�j87=�0>A@29BN � 6Y/
Mkj0j89?N4N)9Cl�1{3w9?7w7 9Y�K9?7 3:J2+.-0/21�j0MkU

lim
h→0

x(2 + h
2 ) − x(2 − h

2 )

h� 9?;=1�14N)N)@07 3wU59CNVM�JK+.-8/21{3w146Y/�JK9CN)M�JK+?U51)l(+?9DJ26(/2/2+?9L;.14£¤J29?7w7 6Y@07R5
. ^0/ d_�#"?� c8d Z=1��	1��	1 o�M�JK+?U51)l(+?9DJK9CNVMz�#6(/0;.351)6(/

f
j0M(U:UwM(j2j86YU 3:¢

x
�2/26(35+?9 df(x)

dx
, Df(x)

6Y@
f ′(x)

�29$7 3rJK6Y/2/2+=9
j0M(U

lim
h→0

f(x+ h
2 ) − f(x− h

2 )

h
,
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¢�;.6Y/0JK14351)6(/ >Y@09L;.9.35359CN)14i�14359C9=S�1V7 359('
�r6(356Y/07C9=/8;.6(Uw9(�G7 @2U«N)M ªG1)|(@0U59 �2' m2��>A@29 N)9 35UIMQ: 9=3zJK@!i�6(�014N)9 1)i�M(|(1)/0Mk1)Uw9�759 UIMkj2j0U56K;IH29xJK9�j2N4@87L9=/ j0N4@07

JK9LNVM�3wM(/2|(9?/A359L¢�NVM ;.6Y@2U5��9(�8Mk@ j86Y14/A3,;=9=/A35UIMkN '2°TMkUr;=6(/075+?>A@29?/A3?�2NVM JK+?U51)l(+?9BJ26(/2/29z+=|YM(N49?i�9=/A3:N)Mxj�9=/A3w9zJK9CNVM
;.6Y@2Uw�89CMk@�j�6(1)/Y3<;=9=/A35UIMkN '
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�P!��
"��
�
	 �����+"+!
'GlnM(/A3­JK9D/26(@07�N)M(/0;.9?U±3 &.359D�0M(1)7w7 +?9<J2M(/07�N)9?7­;=M(N);=@2N)7sMnl(9$;�N49$7±�#6YU5i«@2N)9?7�;=N)MY75751V>Y@09?7?�(/26Y@07­M(N4N)6(/87±9=/�;=MkNV;.@0N49?U

N � @2/09C6(@�N � Mk@K3wU59Bj�+?JK9$7 3wU59?i�9=/A3�5

dx2

dx
= lim

h→0

(x+ h)2 − x2

h

= lim
h→0

x2 + 2hx+ h2 − x2

h

= lim
h→0

2hx

h
+
h2

h
= 2x

d(f(x)g(x))

dx
= lim

h→0

f(x+ h)g(x+ h) − f(x)g(x)

h

= lim
h→0

f(x+ h)g(x+ h) − f(x)g(x + h) + f(x)g(x + h) − f(x)g(x)

h

= lim
h→0

f(x+ h)g(x+ h) − f(x)g(x + h)

h
+ lim

h→0

f(x)g(x + h) − f(x)g(x)

h

= lim
h→0

g(x+ h)
f(x+ h) − f(x)

h
+ lim

h→0
f(x)

g(x + h) − g(x)

h

= g(x)
df(x)

dx
+ f(x)

dg(x)

dx

°±N)@07:JKU 4(N)9,9$7 3:NVM«J2+=i�6(/07 35UIMa3w146Y/�JK9DNVMz�#6YU5i«@2N)9,j�6(@2U�N � 9=SKj86Y/29=/A351)9=N)N)9(�U: 9Bl(6Y@07�NVM�JK6(/0/29 : @87 3w9Dj�6(@0Ur;.9=@2Sy>Y@09
;.9?N)M�M(iz@0759(' 7 Nq9?/�9$7 3rj0U56Y�0Mk�2N)9=i�9?/Y3:JK9Cj2N)@07r751)i�j0N49Y�Ki�M(1)7ri�6Y1 �U: 9C/�� M(1�35Uw6(@2lY+B>A@29C;=9=N)N49=£¤;=1 5

dex

dx
= lim

h→0

ex+h − ex

h
.
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ex = 1 + x+
1

2!
x2 +

1

3!
x3 + ...+

1

j!
xj + ...
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n

' D / j�9=@K3<M(N46YUw7­��M(14Uw9BN)M�JK1 _�+?U59?/0;.9C9?/A35Uw9DN)9?7:J29=@KS JK+=lY9=N)6(j2j�9=i�9=/A3I7 5
ex+h − ex = 1 + (x+ h) +

1

2!
(x+ h)2 +

1

3!
(x+ h)3 + ...+

1

j!
(x+ h)j + ...− 1 − x− 1

2!
x2 − 1

3!
x3 − ...− 1

j!
xj − ...

= h+
1

2!
(2xh+ h2) +

1

3!
(3x2h+ 3xh2) + ...+

1

j!

(

(x+ h)j − 1

j!
xj

)

+ ...

o�M«�#6YU5i«@2N49CJK@ �21)//4Yi�9B/26Y@07rJK143<>A@29

(x + h)j =

n
∑

k=0

n!

k!(n− k)!
xn−khk

D / MxJK6(/0;
ex+h−ex = h+

1

2!
(2xh+h2)+

1

3!
(3x2h+3xh2)+...+

1

j!

(

xj − xj +
j!

(j − 1)!
xj−1h+

j!

2!(j − 2)!
xj−2h2 + ...

)

+...

°TMkUr;=6(/075+?>A@29?/Y3$�
dex

dx
= lim

h→0

ex+h − ex

h

= lim
h→0

h
(

1 + x+ 1
2!x

2 + 1
3!x

3 + ...+ 1
j!x

j + ...
)

h

=

(

1 + x+
1

2!
x2 +

1

3!
x3 + ...+

1

j!
xj + ...

)

= ex
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f(x, y) = 3y cos(2x)
x sin y

'
∂f(x, y)

∂x
=

3y

sin y

∂ cos 2x
x

∂x

=
3y

sin y

(

−2
sin(2x)

x
− cos(2x)

x2

)

∂f(x, y)

∂y
=

3 cos(2x)

x

∂ y
sin y

∂x

=
3 cos(2x)

x

(

1

sin y
− y

cos y

sin2 y

)
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R = x4 − 2x2 + y2 + λ(x2 + y2 − 1).
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x = 0, y = ±1
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+
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si l′on se limite à l′ordre 2.
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Mouvement de divergence
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Z(~r ′) = Z(~r) +
∂Z(~r)

∂x
dx+

∂Z(~r)

∂y
dy.
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� ~dr = (dx, dy)
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Z(~r ′) = Z(~r) + ~dr · ~∇Z
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∂Z

∂x
= 4x(x2 − 1)

∂Z

∂y
= 2y
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dZ = ~dr · ~∇u = ~∇u · ~dr < �K' P0>
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u = −Ωy

v = Ωx
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∂u

∂x
= 0

∂v

∂x
= Ω

∂u

∂y
= −Ω

∂v

∂y
= 0
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u = ax

v = ay,

∂u

∂x
= a

∂v

∂x
= 0

∂u

∂y
= 0

∂v

∂y
= a
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M = ρdV
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dt

�0;.9=3 359CixMY75759D;IH8Mk/2|Y9=UIM«JK9
∂ρdV

∂t
dt = dV

∂ρ

∂t
dt =

∂ρ

∂t
dxdydzdt
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�
v
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− 1
2dy

�K1)Nq9?7 3r9=/A35Uw+
(

ρv − 1

2

∂ρv

∂y
dy

)

dxdzdt
< �K')& �4>



�av ������� � � ��� � � � � 	 � ����� ���������

*,9Ci�&?i�9(�2j0M(U:N)M«��MY;.9C7 1435@0+=9C9=/ 1
2dy
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ρv +
1

2

∂ρv

∂y
dy

)

dxdzdt
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∂ρv

∂y
dV dt
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~e1
9.3
~e3
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∂ρu

∂x
dV dt,

∂ρw

∂z
dV dt
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∂ρ

∂t
+
∂ρu

∂x
+
∂ρv

∂y
+
∂ρw

∂z
= 0
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∂ρ

∂t
+ ~∇ · (ρ~v) = 0
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∂u

∂x
=

∂(−Ωy)

∂x
= 0

∂v

∂y
=

∂Ωx

∂y
= 0
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∂u

∂x
=

∂(ax)

∂x
= a

∂v

∂y
=

∂(ay)

∂y
= a

~∇ · ~v =
∂u

∂x
+
∂v

∂y
= 2a
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~e1, ~e2
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∫

C

~u · ~dr =
∂v

∂x
− ∂u

∂y
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∫

C

~u · ~dr =
∂u

∂z
− ∂w

∂x
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C

~u · ~dr =
∂w

∂y
− ∂v

∂z
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~rot~u =





∂w
∂y

− ∂v
∂z

∂u
∂z

− ∂w
∂x

∂v
∂x

− ∂u
∂y




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∂u

∂y
=

∂(ax)

∂y
= 0

∂v

∂x
=

∂(ay)

∂x
= 0
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~v = ẑ ∧ ~r < �2' �kv >
= (−y, x, 0)T < �K' �(m0>

~∇ · ~v =
∂(−y)
∂x

+
∂x

∂y
+
∂0

∂z

< �K' �ku >
= 0

< �K' �YE4>
*<9Li &?i�9Y�0@2/09L35UIMk/87 NVMa3w146Y/�9?/¡�2N)6�;L/q� 9$7 3DM(7w7 6K;.1)+=9C¢ M(@0;.@0/29zJK1)l(9?U5|Y9=/0;=9(�Kj2@21V7w>Y@�� @2/09L35UIMk/87 NVMa3w146Y/�;=6(U5£
U59$7 j�6(/0Jq�Kj0MkU:JK+=-0/214351)6(/q�0¢�@2/�;IH0M(i�j�JK9Cl�14359$75759C;.6(/87 3IMk/A3rJ2Mk/07�N � 9?75j0M(;=9('

� o�M�JK1)l(9=Uw|(9?/0;.9BJ�� @2/ U56(3wMk351)6(/2/29?N�9?7 3:356(@L: 6(@2UI7s/A@0N4N)9(�29=3<;.9Y�2>Y@09=N�>A@29C756(143rN49C;IH0M(i�j�Uw6k3wMk351)6(/2/09=N '
�����	��� �	$�� ,�� �"� � * �/" �� !��,

� oq9CUw6k3wMk351)6(/2/09=Nq9$7 3r@2/�lY9?;.359=@0U?�0>A@21_7 9«;=MkNV;.@0N49Cj�6(@2U<@2/¡;IH0Mki�j l(9$;�3w6(Uw149?N ' D / /29zj89?@K3,j0MY7:N � M(j2j2N)1)>A@29?U
¢«@0/ 7w;=M(N)M(14Uw9('

� oq9 U56(3wMk351)6(/2/29?N �T9?/ |(Uw6Y7?�Ti�9$7 @0U59 NVMOUw6k3IMa3w146Y/ J�� @2/ ;IH0M(i�j lY9?;�3w6(Uw149?N '±o�9?7x;IH0M(i�j07x9 � ;?M(;.9$7�j86Y@2UxN)9
U56(3wMa3w146Y/29=Nq756(/A3<N)9?7rU56(3wMa3w146Y/07:9?/��2N46K;('0°TMkUr9=SK9=i�j2N)9(�0NVM ;=14UI;.@2NVMa3w146Y/ |(+=6A7 3wU56Yj2H21V>A@29CJ2Mk/07rN � Ma3wi�6A7 j0H2�=Uw9<�M(7w756�;=14+?9:Mk@KSx;.¯K;.N)6(/09?7�>�'(o�9:U56(3wMa3w146Y/2/29?N0J�� @2/ ;IH0Mki�j JK1)l(9?U5|Y9=/A351)9=NK6Y@ J�� @2/29:3wUwM(/07 NVMa3w146Y/�9=/��2N)6�;<JK6(/2/09
�=+=Uw60'

� oq9LUw6k3IMa351)6(/09=N�J�� @2/�|YUwMYJK149?/A3r9?7 3r356Y@Q: 6(@2UI7r/�@2N �09=3,;.9«>Y@09=N >Y@09z7 6Y1{3rN)9«;IH8Mki�j�75;?MkNVMk1)U59LJK6Y/A3<6(/¡;?MkNV;.@2N)9
N49B|(UIM(J2149?/Y3$'

�����	��� �	$�� ,�� � �/*�'�"��� ��
oq9C|YUwMYJK1)9=/A3:9?7 3<@2/�l(9$;�3w9=@2U$�KN46YUw7w>A@q� 6(/ ;=MkNV;.@0N49CN)9L|(UIM(J2149?/Y3rJ�� @2/29«>Y@8Mk/A351435+z7w;=M(N)M(14Uw9(' D /�j�9=@K3,+=|YM(N49?i�9=/A3

;=M(N);=@2N)9=U N49:|YUwMYJK1)9=/A3 Jq� @2/�l(9$;�3w9=@2U$�a9.3±N � 6Y/«6Y�K351)9=/A3±MkN)6(UI7_@2/«359=/87 9?@2U?' � � 9?7 3±N)9�;?M(7?�nj0MkUT9=S�9?i�j2N49Y�a9=/�i�+?;?Mk/21V>A@29
JK9$7�i�1)N)149?@KS�;=6(/A351)/�@07='
�����	����� � � �/��� � ����� � ' �	� � ,�����, ��


°TMkUrN)9C3wH2+=6YU5�?i�9LJ29z�r9?N4i�H26YN{3w�y�0@0/¡;IH0Mki�j¡JK9LlY9?;.359=@0Uw7:9$7 3D;=MkUIM(;.35+?U51V7 +B9?/Y3w14�?U59?i�9=/A3rj0MkU,75M J214lY9=Uw|(9=/8;.9
9.3B7 6Y/ U56(3wMa3w146Y/2/29?N �89.3,759«JK+$;.6Yi�j�6Y759LJK6Y/0;Cj0M(U<N)14/2+$MkUw1{3w+L9=/�@0/29«;=6(i�j86A75M(/A359LJK14359�¢xU56(3wMk351)6(/2/29?Nq/�@2N�9=3,@2/09
;.6Yi�j86A75M(/Y3w9D¢xJ214lY9=Uw|(9=/8;.9D/A@0N4N)9('



� �������	��

� �

� � 
 ��������
 ��� �

� ��� � " %�
�� %$,�� �
" � 
 !), 	�� 
�%$" !W��,
!&,
��" %$��, 	�� "
��@2j0j86A7 6Y/07�>A@29,N � 6(/�Mk143­@2/29<�#6(/0;.351)6(/y359=N)N)9,>A@29<Uw9=j0U5+$7 9?/Y3w+=9<75@2UsN)M«ª_14|Y@2U59,g2')&(' D /yJK+?751)U59D;.6(/0/0MU]V35Uw9rN � M(14Uw9

	�

��� g0'4& � � /09�: 6(N)149D�#6(/8;�351)6(/��0Mnl(9$;<@2/ j�9=@�JK9CH0MY;IH�@2U59D|(Uw1V7 9Y'
756(@07C;=9.3 3w9y;.6Y@2Uw�89Y��;k� 9?7 3 £ ¢a£ JK1)U59�N � Mk1)Uw9�J29 N)M�75@2U5��M(;=9�H8M(;IH�@2Uw+=9�9=/ |(Uw1V7C7 @2UzN)M�-0|Y@2U59Y' D / /29 ;.6Y/2/0MQ])3Lj0MY7=� �
K ���J3!����N)M�laMkN)9=@0U?�KixMk1V7rJK9?@KS�;IH06Y759?7�JK6(/A3r6Y/�9$7 3<7 	2U$�2;k� 9?7 3<>Y@09L;.9.35359L75@2U5��M(;.9B9$7 3rj2N)@07:|YUwM(/0JK9B>A@29L;.9?N4N)9LJ�� @2/
Uw9?;�3IMk/2|YN49 J29yi &=i�9yN)6(/0|(@29?@2ULixMk1V7zJK9�N)M(U5|Y9=@2Uz+?>A@21)lnM(N49?/A359yM(@ i�1)/21)iz@2i�JK9�N)M ;.6(@0U5��9 <#9?/!/26Y14U[>��G9.3«j0N4@07
j�9.3514359�>A@29«;=9=N)N49�JK@ Uw9?;.3wM(/2|(N)9LJK9�i�&?i�9zN)6(/2|Y@29=@2U,ixMk1V7,JK9«N)M(U5|Y9=@2U<+?>A@21)lnM(N49?/A359«M(@¡ixMaSK1)iz@2i JK9«N)M�;.6(@0U5��9<#9?/ |(Uw1)7�>��2;=6(i�i�9D6Y/�j�9=@23rN49ClY6(1)U�75@2U:NVM�ªG1)|(@0U59Cg2' �K'2*,6(/8;k�KNVM�75@2U5��M(;=9B756(@87�N)M�;.6Y@2Uw�89B9?7 3r;.6Yi�j0U51V7 9D9=/A3wU59BNVM

	�

��� g2' � � � /29�: 6(N)149x�#6Y/0;�3w146Y/q�GMnlY9?;�@2/ j�9=@ J29 H0M(;IH�@2Uw9�|(Uw1)759(��@2/ |(UIMk/0J]Uw9?;.3wMk/0|(N)9x|(Uw1)7L;=N)M(14Uz9.3z@2/ j�9.3w1{3
Uw9?;�3IMk/2|YN49D/26Y14U$'
75@2U ��MY;.9CJK@ Uw9?;�3IMk/2|YN49B|YU51V7­�#6(/0;=+ <

x · ymin
>s9.3<;.9?N4N)9LJK@ Uw9?;�3IMk/2|YN49B|YU51V7�;.NVMk1)U�<

x · ymax
>.' � @ N)MxJK1 _�+=Uw9=/0;=9C9=/A35Uw9

N)9?7zJ29=@KS!75@2U ��MY;.9$7=� < J2Mk/87LN � 9=S�9?i�j2N49Y�_J29 N � 6(UIJKUw9 J�� @2/ ��M(;.359?@2Uy&nm 9=/A35Uw9 N)9?7 �4>��G14Ns9?7 3«756(@2H8Mk143wMk�0N49yJq� M ��/09=U$'
*,14l�1V7 6Y/07DN � 14/A3w9=UwlnM(N4N)9xJK9�359?i�j87B9=/ �K��9.3CUw9=j2Uw9=/06(/07,N49�i &=i�9�UIMk1V7 6Y/2/29=i�9?/Y3$'�o�M�7 @2U5��M(;=9�756(@87,NVM ;.6Y@2U5��9�9?7 3

�YE



�k� ������� � � ������� ��� � � �������������

	�

��� g0' g � � /29�: 6YN41)9B�#6(/8;�351)6(/��2Mnl(9?;,j2N)@07rJK9CUw9?;.3wM(/2|(N)9?7?'

;.6Yi�j2U51V759D9?/A35Uw9DNVM�7 6Yi�i�9CJK9$7:Mk1)U59$7:JK9?7:75@2U5��M(;=9?7�|(Uw1V7s;=N)M(14U:9=3<;.9?N4N)9?7:JK9$7:7 @0U ��MY;.9?7�|YU51V7­�#6(/0;=+(' D /�M�JK6(/8;
x

2
ymin,1 +

x

2
ymin,2 < S <

x

2
ymax,1 +

x

2
ymax,2.

��1_6(/�Uw9=1435�?U59z;=9.35359«J214l�1V7 1)6(/�j0M(U �yJK9?7<14/A359?U5laM(N4N)9?7?�06Y/�6(�K3w149?/Y3DN)MyªG1)|(@0U59zg0' v8' D /¡/06k359«>Y@09zN)9?7 
 MPI������ 
 ��M<JK9?7

	�

��� g2' v � � /29�: 6(N)1)9,�#6Y/0;�3w146Y/q�260A�1)Nq¯yMxJK9$7�U59$;�3IMk/2|YN49$7s¢�/q� 9=/ j2N)@07�-8/214U$'
i�14/014ixM 9=3,JK9$7<ixMaSK1)ixM 7 9zUwM(j2j2Uw6�;IH09=/A3<JK9Lj2N)@07,9=/�j2N)@07,N � @2/ J29LN � Mk@235Uw9(�09=3D;IH0MY;.@2/¡J29zNVM 7 @0U ��MY;.9CH0MY;IHA@0U5+Y'
oq9$7:Mk1)U59$7s356(3wMkN)9?7�JK9$7:�=6Y/29?7�|YU51V759?7�7 6Y/A3:J26(/2/2+?9?7�Uw9?75j89$;�3w14lY9=i�9=/A3:j0MkU 5

Aclair =

N
∑

i=1

x

N
max(f(X), ∀X ∈ [(i− 1)

x

N
, i
x

N
])

Afoncé =
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1
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9?7 3 i−1

N

' D / i�6Y/Y3wU59�Mk1V7 +?i�9=/A3D>A@29 ∑N
i=1(i − 1) =

∑N
i=1 i −N = N(N − 1)/2
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0
x2 dx

'��r6Y@07 /29:;=M(N);=@2N)9=Uw6(/07_>A@29�N)MDN)14i�14359 � i�MkS �I�nNVM<N)14i�14359
� i�1)/ �C7 9L;?MkNV;.@2N)9B9.S2M(;.359=i�9?/Y3rJK9BNVM�i &=i�9D��M4B.6Y/q'0��6Y1{3<JK6Y/0;

∫ 1

0

x2 dx = lim
N→∞

1

N

N
∑

i=1

max(x2, ∀x ∈ [(i− 1)
1

N
, i

1

N
]).
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i=1 i2 = 1

3N
3 − 1

2N
2 + 1

6N
'�*<�$7:N46YUw7?�Kj2@21V7w>Y@09

max(x2, ∀x ∈
[(i− 1) 1

N
, i 1

N
]) = i2

N2

�26(/�35Uw6(@0l(9
∫ 1

0

x2 dx = lim
N→∞

1

N

N
∑

i=1

i2

N2

= lim
N→∞

1

N3

N
∑

i=1

i2

= lim
N→∞

1

N3

(

1

3
N3 − 1

2
N2 +

1

6
N

)

= lim
N→∞

1

N3

(

1

3
N3

)

=
1

3
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[a, b]

�K6(/ M2�
∫ b

a

f(x) dx = F (b) − F (a).
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V = G
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∑

i=1

mi

‖~x− ~xmi
‖

��1$:.� Mk1B@2/29 JK1V7 3wU51)�2@K3w146Y/�;.6Y/A351)/A@09OJK9]ixMa351)�=Uw9(��: 9]j89?@KS NVM JK+$;.6Yi�j�6Y759=U�9=/�j89=35143w7�;.@0�89$7�J29OixMa3w14�?U59Y�­9?/
Ma3535Uw14�0@0Mk/A3L¢ ;IH0M(;=@2/ONVM JK9=/87 1435+ 756(143Ci�MkSK14i«@2i 756(143Bi�1)/21)iz@2i�JK@ ;.@2��9(�q9=3Lj2@21V7D��Mk1)U59�3w9=/0JKUw9xNVMy3IMk1)N4N)9xJK9?7
;.@0�89$7:l(9?Uw7��2�K9=3rN � 6(/�35Uw6(@0l(9CMkN)6(UI7R5

V = G

∫

V

ρ
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lim
∆t→0

N
∑

i=1

v · ∆t =

∫ t

0

v dt.
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∫

a dx = ax

∫

a dx = ax

∫

af(x) dx = a

∫

f(x) dx

∫

(u± v ± w ± ...) dx =

∫

u dx±
∫

v dx±
∫

w dx± ...

∫

udv dx = uv −
∫

v du

∫

f(ax) dx =
1

a

∫

f(u) du

∫

F{f(x)} dx =

∫

F (u)

f ′(x)
du

∫

un du du =
un+1

n+ 1
n 6= 1

∫

du

u
= ln |u|

∫

eu du = eu

∫

au du =
au

ln a
a > 0, a 6= 1

∫

sinx dx = − cosx

∫

cosx dx = sinu

∫

tanx dx = − ln cosx

∫

cotx dx = ln sinx

∫

dx

cosx
= ln tan

(x

2
+
π

4

)

∫

dx

sinx
= ln tan

x

2
∫

dx

cos2 x
= tanx

∫

dx

sin2 x
= − cotx
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∫

tanx dx = tanx− x

∫

sin2 x dx =
1

2
(x− sinx cosx)

∫

cos2 x dx =
1

2
(x+ sinx cosx)

∫

1

cosx
tanx dx =

1

cosx
∫

1

sinx
tanx dx = − 1

sinx
∫

sinhx dx = coshx

∫

coshx dx = sinhx

∫

tanhx dx = ln coshu

∫

dx

coshx
= sinh−1 tanhx

∫

dx

sinhx
= ln tanh

x

2
∫

dx

cosh2 x
dx = tanhx

∫

dx

sinh2 x
dx = − cothx

∫

tanh2 x dx = x− tanhx

∫

1

x2 + a2
dx =

1

a
arctan

x

a
∫

1

x2 − a2
dx =

1

2a
ln
x− a

x+ a
=

1

2a
coth−1 x

a
u2 > a2,

∫

1

a2 − x2
dx =

1

2a
ln
x+ a

a− x
=

1

a
tanh−1 x

a
a2 > u2,

∫

1√
x2 + a2

dx = ln
(

x+
√

x2 + a2
)

∫

1√
x2 − a2

dx = ln
(

x+
√

x2 − a2
)

∫

1

u
√
x2 − a2

dx dx =
1

a
arccos |a

x
|

∫

1

u
√
x2 + a2

dx = −1

a
ln

(

a+
√
x2 + a2

x

)

∫

1

u
√
a2 − x2

dx = −1

a
ln

(

a+
√
a2 − x2

x

)
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d

dx
(c) = 0

d

dx
(cx) = c

d

dx
(cxn) = ncxn−1

d

dx
(u± v ± w ± ...) =

du

dx
± dv

dx
± dw

dx
± ...

d

dx
(cu) = c

du

dx
d

dx
(uv) = u

dv

dx
+ v

du

dx

d

dx

(u

v

)

=
v du

dx
− u dv

dx

v2

d

dx
(un) = nun−1 du

dx
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d

dx
(sinu) = cosu

du

dx
d

dx
(cosu) = − sinu

du

dx
d

dx
(tanu) =

1

cos2 u

du

dx
d

dx
(cotu) = − 1

sin2 u

du

dx

d

dx

(

1

cosu

)

=
tanu

cosu

du

dx

d

dx

(

1

sinu

)

= −cotu

sinu

du

dx

d

dx
(arcsinu) =

1√
1 − u2

du

dx

(

−π
2
< arcsinu <

π

2

)

d

dx
(arccosu) = − 1√

1 − u2

du

dx
(0 < arcsinu < π)

d

dx
(arctanu) =

1

1 + u2

du

dx

(

−π
2
< arctanu <

π

2

)
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d

dx
(loga u) =

logae

u

du

dx
d

dx
(lnu) =

1

u

du

dx
d

dx
(au) = au ln a

du

dx
d

dx
(eu) = eu du

dx
d

dx
(uv) = vuv−1 du

dx
+ uv lnu

dv

dx
d

dx
(sinhu) = coshu

du

dx
d

dx
(coshu) = sinhu

du

dx
d

dx
(tanhu) =

1

cosh2 u

du

dx
d

dx
(cothu) =

−1

sinh2 u

du

dx

d

dx

(

1

coshu

)

=
tanhu

coshu

du

dx

d

dx

(

1

sinhu

)

= −cothu

sinhu

du

dx

d

dx

(

sinh−1 u
)

=
1√

u2 + 1

du

dx

d

dx

(

cosh−1 u
)

= ± 1√
u2 − 1

du

dx

(

+ si cosh−1 u > 0, − si cosh−1 u < 0
)

d

dx

(

tanh−1 u
)

=
1

1 − u2

du

dx
(−1 < u < 1)
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~a ∧~b = −~b ∧ ~a
~a ∧

(

~b+ ~c
)

= ~a ∧~b+ ~a ∧ ~c

~a ∧
(

~b ∧ ~c
)

= ~b (~a · ~c) − ~a
(

~b · ~c
)

(

~a ∧~b
)

∧ ~c = ~b (~a · ~c) − ~a
(

~b · ~c
)

(

~a ∧~b
)

·
(

~c ∧ ~d
)

= (~a · ~c)
(

~b · ~d
)

−
(

~a · ~d
)(

~b · ~c
)

(

~a ∧~b
)

∧
(

~c ∧ ~d
)

= ~c
(

~a ·
(

~b ∧ ~d
))

− ~d
(

~a ·
(

~b ∧ ~c
))

d

du

(

~a ·~b
)

= ~a · d
~b

du
+
d~a

du
·~b

d

du

(

~a ∧~b
)

= ~a ∧ d~b

du
+
d~a

du
∧~b
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~∇

~∇ (ψ + φ) = ~∇ψ + ~∇φ
~∇ ·
(

~a+~b
)

= ~∇ · ~a+ ~∇ ·~b

~∇∧
(

~a+~b
)

= ~∇ ∧ ~a+ ~∇∧~b

~∇ · (φ~a) =
(

~∇φ
)

· ~a+ φ
(

~∇ · ~a
)

~∇ ∧ (φ~a) =
(

~∇φ
)

∧ ~a+ φ
(

~∇ ∧ ~a
)

~∇ ·
(

~a ∧~b
)

= ~b ·
(

~∇ ∧ ~a
)

− ~a ·
(

~∇ ∧~b
)

~∇ ∧
(

~a ∧~b
)

=
(

~b · ∇
)

~a−~b
(

~∇ · ~a
)

− (~a · ∇)~b+ −~a
(

~∇ ·~b
)

~∇ ∧
(

~∇φ
)

= 0

~∇ ·
(

~∇∧ ~a
)

= 0

~∇∧
(

~∇∧ ~a
)

= ~∇
(

~∇ · ~a
)

−∇2~a

~∇
(

~a ·~b
)

=
(

~b · ~∇
)

~a+
(

~a · ~∇
)

~b+~b ∧
(

~∇∧ ~a
)

+ ~a ∧
(

~∇∧~b
)


